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Lp-IMPROVING CONVOLUTION OPERATORS ON FINITE QUANTUM
GROUPS
SIMENG WANG
Abstract. We characterize positive convolution operators on a finite quantum group G which
are Lp-improving. More precisely, we prove that the convolution operator Tϕ : x 7→ ϕ ⋆ x given
by a state ϕ on C(G) satisfies
∃1 < p < 2, ‖Tϕ : Lp(G)→ L2(G)‖ = 1
if and only if the Fourier series ϕˆ satisfy ‖ϕˆ(α)‖ < 1 for all nontrivial irreducible unitary repre-
sentations α, and if and only if the state (ϕ◦S)⋆ϕ is non-degenerate (where S is the antipode).
We also prove that these Lp-improving properties are stable under taking free products, which
gives a method to construct Lp-improving multipliers on infinite compact quantum groups. Our
methods for non-degenerate states yield a general formula for computing idempotent states
associated to Hopf images, which generalizes earlier work of Banica, Franz and Skalski.
Introduction
The convolution operators or multipliers constitute a central part of Fourier analysis. One
among phenomena studied on the circle group T is the existence and behavior of positive Borel
measures that convolve Lp(T) into Lq(T) with finite q > p for a given 1 < p < ∞, which are
considered to be Lp-improving measures. An example due to Oberlin [Obe82] is the Cantor-
Lebesgue measure supported by the usual middle-third Cantor set. Oberlin revealed that, after a
careful analysis on the structure of this measure, this result can be reduced to proving that there
exists p < 2 such that
‖µ ⋆ f‖2 ≤ ‖f‖p, f ∈ Lp(Z/3Z)
where the Lp-norms are those taken with respect to the normalized counting measure on the cyclic
group Z/3Z = {0, 1, 2} with three elements and µ is the probability measure with mass 1/2 at
0 and at 2. Motivated by these results, Ritter showed in [Rit84] that, if G is an arbitrary finite
group and Tµ : f 7→ µ ⋆ f is the convolution operator associated to a probability measure µ on G,
then
(∃ p < 2, ‖Tµ : Lp(G)→ L2(G)‖ = 1) ⇔ G = 〈ij
−1 : i, j ∈ suppµ〉,
which provides a more general method to construct Lp-improving measures on groups.
In this paper we give an alternative approach related to these topics, in the context of quantum
groups and noncommutative Lp-spaces. We show that, for a finite quantum group G and a state ϕ
on C(G), denoting by ϕˆ the Fourier series of ϕ and writing ψ = (ϕ ◦S) ⋆ ϕ, S being the antipode,
the following assertions are equivalent (Theorem 4.4):
(1) there exists 1 < p < 2 such that,
∀ x ∈ C(G), ‖ϕ ⋆ x‖2 ≤ ‖x‖p ;
(2) ‖ϕˆ(α)‖ < 1 for all α ∈ Irr(G) \ {1} ;
(3) For any nonzero x ∈ C(G)+, there exists n ≥ 1 such that ψ⋆n(x) > 0.
The last assertion should be interpreted as claiming that the “support” of ϕ “generates” the
quantum group G, which will be explained in the last section. We will illustrate by example in
Remark 4.7 that the finiteness condition in the above conclusion is rather crucial and cannot be
removed.
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In particular, the result characterizes the Fourier-Schur multipliers on finite groups which have
an Lp-improving property. Let Γ be a finite group and ϕ be a positive definite function on Γ. Let
Mϕ be the associated Fourier-Schur multiplier operator determined by Mϕ(λ(γ)) = ϕ(γ)λ(γ) for
all γ ∈ Γ. Then
∃1 < p < 2, ‖Mϕx‖2 ≤ ‖x‖p, x ∈ C
∗(Γ)
if and only if |ϕ(γ)| < 1 for any γ ∈ Γ \ {e}.
We should emphasize that our argument relies essentially on new and interesting properties
on the unital trace preserving operators on noncommutative Lp-spaces, based on the recent work
of Ricard and Xu [RX16]. In fact, the following fact proved in Theorem 1.6 plays a key role in
our argument. For a finite dimensional C*-algebra A equipped with a faithful tracial state τ , and
T : A→ A a unital trace preserving map, the Lp-improving property
(0.1) ∃1 < p < 2, ‖T : Lp(A)→ L2(A)‖ = 1
holds if and only if we have the following “spectral gap”:
sup
x∈A\{0},τ(x)=0
‖Tx‖2
‖x‖2
< 1.
We provide two proofs of this result, where one is based on very elementary arguments with an
additional assumption of 2-positivity and another, which is rather short, on [RX16]. In Theorem
1.9 we also show that the Lp-improving property (0.1) remains stable under the free products.
This method permits us to give Lp-improving convolution operators for infinite quantum groups.
In this paper we also include some simple properties of non-degenerate states on compact
quantum groups with applications. We prove in Lemma 3.3 that the convolution Cesa`ro limit
of a non-degenerate state is the Haar state, which not only contributes to the proof of our main
result, but also yields a generalization of [BFS12, Theorem 2.2] concerning the computation of
idempotent states associated to Hopf images.
We end this introduction with a brief description of the organization of the paper. Section 1
deals with the characterization of unital trace preserving Lp-improving operators on finite dimen-
sional C*-algebras and their free products. In Section 2 we present some preliminaries on compact
quantum groups and the related Fourier analysis. Here we give a short and explicit calculation of
Fourier series for compact quantum groups, parallel to the case of classical compact groups, which
does not exist in other literature. In Section 3 we obtain some properties of non-degenerate states
on a general compact quantum group. The last Section 4 is devoted to the positive convolution
operators on finite quantum groups, and constructions of operators with similar properties on
infinite compact quantum groups by free product.
1. Lp-improvement and spectral gaps
1.1. Basic notions. Let us firstly present some preliminaries and notations on noncommutative
Lp-spaces and free products for later use. All the facts mentioned below are well-known.
1.1.1. Noncommutative Lp-spaces. Here we recall some basics of noncommutative Lp-spaces on
finite von Neumann algebras. We refer to [Tak02] for the theory of von Neumann algebras and
to [PX03] for more information on noncommutative Lp-spaces. Let M be a finite von Neumann
algebra equipped with a normal faithful tracial state τ . Let 1 ≤ p < ∞. For each x ∈ M, we
define
‖x‖p = [τ(|x|
p)]
1/p
.
One can show that ‖‖p is a norm on M. The completion of (M, ‖‖p) is denoted by Lp(M, τ) or
simply by Lp(M). The elements of Lp(M) can be described by densely defined closed operators
measurable with respect to (M, τ), as in the commutative case. For convenience, we set L∞(M) =
M equipped with the operator norm. Since |τ(x)| ≤ ‖x‖1 for all x ∈M, τ extends to a continuous
functional on L1(M). Let 1 ≤ p, q, r ≤ ∞ be such that 1/p + 1/q = 1/r. If x ∈ Lp(M) and
y ∈ Lq(M), then xy ∈ Lr(M) and the following Ho¨lder inequality holds:
‖xy‖r ≤ ‖x‖p‖y‖q.
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In particular, if r = 1, |τ(xy)| ≤ ‖xy‖1 ≤ ‖x‖p‖y‖q for arbitrary x ∈ Lp(M) and y ∈ Lq(M).
This defines a natural duality between Lp(M) and Lq(M): 〈x, y〉 = τ(xy). For any 1 ≤ p < ∞
we have Lp(M)∗ = Lq(M) isometrically.
1.1.2. Free products. We firstly recall some constructions of free product of C*-algebras, for which
we refer to [VDN92] and [NS06] for details. Consider a family of unital C*-algebras (Ai, φi)i∈I
with distinguished faithful states φi and associated GNS constructions (πi, Hi). Set A˚i = kerφi
and a˚i = ai − φi(ai)1 for each i and ai ∈ Ai. Construct a vector space
(1.1) A = C1⊕
⊕
n≥1
( ⊕
i1 6=i2 6=···6=in
A˚i1 ⊗ A˚i2 ⊗ · · · ⊗ A˚in
)
.
We equip A with an algebra structure such that 1 is the identity and the multiplication of a
letter a ∈ A˚i with an elementary tensor a1 ⊗ a2 ⊗ · · · ⊗ an in A˚i1 ⊗ A˚i2 ⊗ · · · ⊗ A˚in is defined as
a · (a1 ⊗ a2 ⊗ · · · ⊗ an) =


a⊗ a1 ⊗ a2 ⊗ · · · ⊗ an, if i1 6= i,
˚(aa1)⊗ a1 ⊗ a2 ⊗ · · · ⊗ an
+φi1(aa1)a2 ⊗ · · · ⊗ an,
if i1 = i.
Moreover, we give an involution on A by
(a1 ⊗ a2 ⊗ · · · ⊗ an)
∗ = a∗n ⊗ a
∗
2 ⊗ · · · ⊗ a
∗
1.
In this sense A becomes a ∗-algebra, and each Ai can be viewed as a ∗-subalgebra in A by
identifying Ai with C1⊕ A˚i in the big direct sum. We call A the algebraic free product of (Ai)i∈I .
It then can be shown that the algebra A admits a faithful ∗-representation (π,H, ξ) such that
π|Ai = πi for each i ∈ I and φ(·) := 〈π(·)ξ, ξ〉 restricted on Ai coincides with φi. Moreover the
state φ is faithful on A. Then the reduced C*-algebraic free product of (Ai)i∈I is the C*-algebra
generated by π(A) in B(H), i.e., the norm closure of π(A) in B(H), denoted by ∗c0i∈IAi; and the
state extends to ∗c0i∈IAi, called the free product state of (φi)i∈I and denoted by ∗i∈Iφi. If moreover
each Ai =Mi is a von Neumann algebra and each φi is normal, then the weak closure of π(A) in
B(H), is defined to be the von Neumann algebraic free product of (Mi)i∈I , denoted by ∗¯i∈IMi,
and the free product state φ = ∗i∈Iφi is also normal. Also, we remark that if each φi is a tracial
state, then φ = ∗i∈Iφi is also tracial.
Let Ai and Bi be unital C*-algebras with distinguished faithful states φi and ψi (i ∈ I)
respectively, and let Ti : Ai → Bi be a unital state preserving map for each i ∈ I. Set
(A, φ) = ∗i∈I(Ai, φi) and (B,ψ) = ∗i∈I(Bi, ψi). Then it is obvious that
T (a1a2 · · · an) = Ti1(a1) · · ·Tin(an) (ak ∈ A˚ik , ∀k, i1 6= i2 6= · · · 6= in)
defines a unital state preserving map from the algebraic free products (A, φ) to (B,ψ). We denote
by T = ∗i∈ITi, and call it the free product map of the Ti. Similarly, we may define the c-free
(conditionally free) product state in the sense of Boz˙ejko, Leinert and Speicher [BLS96]. Let
(Ai, φi) be as above and let ρi be further states respectively on Ai for each i. The conditional free
product of (ρi)i is the functional ω := ∗(ψi)ρi on (A, φ) = ∗i∈I(Ai, φi) defined by the prescription
ω(1) = 1 and
ω(a1 · · ·an) = ρi(1)(a1) · · · ρi(n)(an)
for all n ≥ 1, i(1) 6= · · · 6= i(n) elements in I and aj ∈ kerφi(j) for j = 1, . . . , n. It is shown in
[BLS96, Theorem 2.2] that the conditional free product of states is again a state.
1.2. Lp-improving operators. Let A be a finite dimensional C*-algebra equipped with a faithful
tracial state τ . The associated noncommutative Lp-spaces will be denoted by Lp(A). For a subset
E ⊂ A, we denote by E+ the positive part of E.
Recall that A can be identified with a direct sum of matrix algebras, that is, there exist some
finite dimensional Hilbert spaces H1, . . . , Hm such that the following ∗-isomorphism holds
A ≃ B(H1)⊕ · · · ⊕B(Hm).
We will not distinguish the above two C*-algebras in the sequel. For each i ∈ {1, . . . ,m}, let
ξi1, . . . , ξ
i
ni be an orthonormal basis for Hi, and define the operator e
i
pq ∈ B(Hi) by e
i
pq(v) =
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〈v, ξiq〉Hiξ
i
p for all v ∈ Hi and p, q ∈ {1, . . . , ni}. Take any x = x1 ⊕ · · · ⊕ xm ∈ A with xi ∈ B(Hi)
for each i ∈ {1, . . . ,m}, and let λi1, . . . , λ
i
ni be the eigenvalues of |xi| ∈ B(Hi) (1 ≤ i ≤ m)
ranged in non-increasing order and counted according to multiplicity. We can find a direct sum of
unitaries u = u1⊕ u2⊕ · · · ⊕ um with ui ∈ B(Hi) for each i such that |xi|(uiξik) = λ
i
k(uiξ
i
k) for all
k ∈ {1, . . . , ni} and i ∈ {1, . . . ,m}, that is, u∗|x|u =
∑
i
∑ni
k=1 λ
i
ke
i
kk. If we write β
i
k = τ(e
i
kk) ∈
[0, 1] for k ∈ {1, . . . , ni} and i ∈ {1, . . . ,m}, then the Lp-norm of x for 1 ≤ p <∞ is
(1.2) ‖x‖pp = τ(u
∗|x|pu) = τ
(
m∑
i=1
n∑
k=1
(λik)
peikk
)
=
m∑
i=1
n∑
k=1
(λik)
pβik.
We will prove in this section the result below.
Theorem 1.1. Let A be a finite dimensional C*-algebra equipped with a faithful tracial state τ ,
and T : A→ A be a unital 2-positive trace preserving map on A. Then
∃1 ≤ p < 2, ‖Tx‖2 ≤ ‖x‖p, x ∈ A
if and only if
(1.3) sup
x∈A\{0},τ(x)=0
‖Tx‖2
‖x‖2
< 1.
Remark 1.2. Equivalently we can rewrite the above condition (1.3) as
sup
x∈A\{0},τ(x)=0
〈|T |x, x〉
‖x‖22
< 1,
which means exactly that the whole eigenspace of |T | for the eigenvalue 1 is just C1. In this sense
we refer to the above inequality as a spectral gap phenomenon of T .
Recall that the L2-norms assert some differential properties. The following lemma is elementary.
Lemma 1.3. Let A be a C*-algebra with a state ϕ and T : A → A be a positive map on A. Let
O ⊂ Ah be an open set in the space Ah of all selfadjoint elements in A. The function f : O ∋ x 7→
ϕ((Tx)2) is infinitely (Fre´chet) differentiable in O and for x ∈ O, f ′(x) = ϕ(TxT ·) + ϕ(T · Tx),
f ′′ ≡ 2ϕ(T · T ·), f (n) ≡ 0, n ≥ 3.
In general a norm estimate can be reduced to the argument on positive cones.
Lemma 1.4 ([RX16, Remark 9]). Let M be a von Neumann algebra and T : Lp(M) → Lq(M)
be a bounded linear map for 1 ≤ p, q ≤ ∞. Assume that T is 2-positive in the sense that IdM2 ⊗ T
maps the positive cone of Lp(M2 ⊗M) to that of Lq(M2 ⊗M). Then
‖Tx‖q ≤ ‖T (|x|)‖
1/2
q ‖T (|x
∗|)‖1/2q , x ∈ Lp(M).
Consequently,
‖T ‖ = sup{‖Tx‖q : x ∈ Lp(M)+, ‖x‖p ≤ 1}.
Now we give the proof of the theorem.
Proof of the theorem. Assume firstly 1 ≤ p < 2 and ‖Tx‖2 ≤ ‖x‖p for all x ∈ A. Note that
‖Tx‖2 = ‖|T |x‖2. Observe that T ∗ is also a positive trace preserving map on A, and hence so is
|T |. We choose an element x ∈ A such that τ(x) = 0 and |T |x = λx, with
λ = sup
x∈A\{0},τ(x)=0
‖Tx‖2
‖x‖2
= sup
x∈A\{0},τ(x)=0
‖|T |x‖2
‖x‖2
.
Since |T | is a positive map on A and λ ∈ R, we may assume that x = x∗. For any self-adjoint
element y ∈ A and 1 ≤ q <∞, it is easy to compute that
d2
dε2
‖1 + εy‖q
∣∣∣∣
ε=0
= (q − 1)τ(y2) > 0.
Note also that by assumption
‖1 + λεx‖2 ≤ ‖1 + εx‖p, ε > 0.
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Then taking the second derivative at ε = 0 we get λ2 ≤ (p− 1) < 1, as desired.
Now we suppose (1.3) holds. Set A˚ = {x ∈ A
∣∣ τ(x) = 0} and take σ = {x ∈ A+ ∣∣ τ(x) = 1} =
(1 + A˚)+ which is exactly the set of positive elements in the unit sphere of L1(A). We first show
that there exists 1 ≤ p < 2 and a neighborhood U of 1 such that
(1.4) ∀x ∈ U ∩ σ, ‖Tx‖2 ≤ ‖x‖p.
To begin with, we consider
F (x) = ‖Tx‖2 − ‖x‖2, x ∈ A+.
Using the previous lemma we see that F is infinitely differentiable at any x ∈ A+ \ {0} and
F ′(x)(y) = ‖Tx‖−12 τ((Tx)(Ty)) − ‖x‖
−1
2 τ(xy), y ∈ A
F ′′(x)(y1, y2) = −‖Tx‖
3
2τ((Tx)(Ty1))τ((Tx)(Ty2)) + ‖Tx‖
−1
2 τ((Ty1)(Ty2))
+ ‖x‖−32 τ(xy1)τ(xy2)− ‖x‖
−1
2 τ(y1y2), y1, y2 ∈ A.
Since T is unital and preserves the trace, it follows that for y ∈ A˚,
F ′(1)(y) = 0, F ′′(1)(y, y) = ‖Ty‖22 − ‖y‖
2
2.
Then consider the second order Taylor expansion of F at 1. We can find a δ1 > 0 such that for
all ‖y‖2 ≤ δ1, y ∈ A˚, we have 1 + y ∈ A+ and
F (1 + y) = F (1) + F ′(1)(y) +
1
2
F ′′(1)(y, y) +R1(y)
=
1
2
(‖Ty‖22 − ‖y‖
2
2) +R1(y), R1(y) = o(‖y‖
2
2).
Recall that by (1.3), ‖Ty‖22 − ‖y‖
2
2 < 0 for y ∈ A˚. Thus by continuity,
c := sup{‖Ty‖22 − ‖y‖
2
2 : y ∈ A˚, ‖y‖2 = 1} < 0.
Since the function y 7→ ‖Ty‖22 − ‖y‖
2
2 is 2-homogeneous, we get
∀y ∈ A˚, ‖Ty‖22 − ‖y‖
2
2 ≤ c‖y‖
2
2.
Take δ0 ∈ (0, δ1) such that
∀y ∈ A˚, ‖y‖2 ≤ δ0,
|R1(y)|
‖y‖22
<
|c|
4
.
Then for y ∈ A˚, ‖y‖2 ≤ δ0,
(∗) F (1 + y) =
1
2
(‖Ty‖22 − ‖y‖
2
2) +R1(y) ≤
c
4
‖y‖22.
On the other hand, consider
G(x) = ‖x‖2 − ‖x‖p, x = 1 + y, y = y
∗ ∈ A, ‖y‖2 < δ0.
Let y = y∗ ∈ A with ‖y‖2 < δ0, then by (1.2) we may take some K ∈ N and β1, . . . , βK ∈ [0, 1]
such that the Lp-norm of x = 1 + y for 1 ≤ p <∞ is exactly
(∗∗) ‖1 + y‖p =
(
K∑
i=1
βi(1 + λi)
p
) 1
p
where (λi)i ⊂ R is the list of eigenvalues of y. So in order to estimate G, we consider the function
g on RK defined as
g(ξ) =
(
K∑
i=1
βi(1 + ξi)
2
) 1
2
−
(
K∑
i=1
βi(1 + ξi)
p
) 1
p
, ξ = (ξ1, . . . , ξK) ∈ R
K .
A straightforward calculation gives
∂g
∂ξi
(0) = 0,
∂2g
∂ξi∂ξj
(0) = (p− 2)βiβj ,
∂2g
∂ξ2i
(0) = (2− p)(βi − β
2
i ), 1 ≤ i 6= j ≤ K.
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So by the Taylor formula
g(ξ) =
1
2
∑
i
(2− p)(βi − β
2
i )ξ
2
i +
1
2
∑
j 6=k
(p− 2)βjβkξjξk +R2(ξ), R2(ξ) = o(‖ξ‖
2).
If 2 − |c|8 ≤ p ≤ 2 and 0 < δ < δ0 is such that |R2(ξ)| ≤
|c|
8
∑K
i=1 βiξ
2
i whenever
∑K
i=1 βiξ
2
i ≤ δ
2,
then for any ξ ∈ RK with
∑K
i=1 βiξ
2
i ≤ δ
2,
|g(ξ)| ≤
1
2
(2 − p)
K∑
i=1
(βi − β
2
i )ξ
2
i +
1
2
(2− p)
K∑
i=1
β2i ξ
2
i +
|c|
8
K∑
i=1
βiξ
2
i <
|c|
4
K∑
i=1
βiξ
2
i .
This, together with (∗∗), implies that, putting λ = (λ1, . . . , λK),
G(1 + y) = g(λ) ≤
|c|
4
K∑
i=1
βiλ
2
i =
|c|
4
‖y‖22, ‖y‖2 ≤ δ.
Combined with (∗) we deduce
‖Tx‖2 − ‖x‖p = F (1 + y) +G(1 + y) ≤ 0, x = 1 + y, y ∈ A˚, ‖y‖2 ≤ δ,
for all p ≥ 2 − |c|8 := p1. So U = {1 + y
∣∣ y = y∗ ∈ A, ‖y‖2 < δ} is the desired neighborhood in
(1.4).
Now we can derive the inequality for all x ∈ σ. For x ∈ σ \ U ⊂ (1 + A˚)+ \ {1}, we write
x = 1 + y with y ∈ A˚\{0} and then by (1.3) and the trace preserving property we have ‖Tx‖22 =
1 + ‖Ty‖22 < 1 + ‖y‖
2
2 = ‖x‖
2
2. Note also that σ is compact, so we can find M < 1 such that
‖Tx‖2/‖x‖2 < M for all x ∈ σ\U . Given p < 2, let Cp be the optimal constant for the inequality
‖x‖2 ≤ Cp‖x‖p for x ∈ A, then Cp → 1 when p→ 2. Take p0 ≥ p1 such that Cp0 ≤M
−1. We get
then
∀x ∈ σ\U,
‖Tx‖2
‖x‖p
≤MCp ≤ 1, p0 ≤ p ≤ 2.
As a result, for all p ∈ [p0, 2], it holds that
‖Tx‖2 ≤ ‖x‖p, x ∈ σ.
Since the norm is homogeneous and T is 2-positive, the above inequality holds for all x ∈ A as
well. 
Apart from the above elementary proof, we would like to give an alternative simpler approach
which yields a little bit stronger conclusion. The argument, however, depends heavily on the
following recent and deep result on the convexity of Lp-spaces:
Theorem 1.5 ([RX16, Theorem 1]). Let M be a von Neumann algebra equipped with a faithful
semifinite normal trace φ. Let N be a von Neumann subalgebra such that the restriction of φ to
N is semifinite. Denote by E the unique φ-preserving conditional expectation from M onto N .
For 1 < p ≤ 2, we have
‖x‖2p ≥ ‖Ex‖
2
p + (p− 1)‖x− Ex‖
2
p, x ∈ Lp(M).
For 2 < p <∞, the inequality is reversed.
Immediately we may deduce Theorem 1.1 as follows. Note that the result below is slightly
stronger than the statement of Theorem 1.1.
Theorem 1.6. Let A be a finite dimensional C*-algebra equipped with a faithful tracial state τ ,
and T : A→ A be a unital trace preserving map on A. Then
(1.5) ∃1 < p < 2, ∀ x ∈ A, ‖Tx‖2 ≤ ‖x‖p
if and only if
λ := sup
x∈A\{0},τ(x)=0
‖Tx‖2
‖x‖2
< 1.
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Moreover, if the above assertions are satisfied, then
λ ≤ c−1p
√
p− 1, where cp = sup
x∈A\{0},τ(x)=0
‖x‖2
‖x‖p
.
Proof. The necessity has been already proved in the proof of Theorem 1.1. Now, assume λ < 1.
Let x ∈ A and y = x− τ(x)1. Write a = τ(x). Since T is trace preserving, τ(Ty) = τ(y) = 0. For
p ≤ 2 we denote by cp the best constant with ‖ · ‖2 ≤ cp‖ · ‖p. Then (p− 1)/c2p → 1 when p→ 2.
Take p < 2 such that (p− 1)/c2p > λ
2, then we have
‖Tx‖22 = ‖a1 + Ty‖
2
2 = |a|
2 + ‖Ty‖22 ≤ |a|
2 + λ2‖y‖22
≤ |a|2 + λ2c2p‖y‖
2
p ≤ |a|
2 + (p− 1)‖y‖2p ≤ ‖x‖
2
p,
whence (1.5). 
Remark 1.7. Let A be a finite dimensional C*-algebra equipped with a faithful tracial state τ , and
T : A→ A be a unital trace preserving map on A. Consider the restriction of T on the subspace
{x ∈ A : τ(x) = 0} of A and its adjoint, then we see that
sup
x∈A\{0},τ(x)=0
‖Tx‖2
‖x‖2
= sup
x∈A\{0},τ(x)=0
‖T ∗x‖2
‖x‖2
.
Then the above theorem also implies that if there exists 1 < p < 2 such that
∀ x ∈ A, ‖Tx‖2 ≤ ‖x‖p,
then
∀ x ∈ A, ‖T ∗x‖2 ≤ ‖x‖p,
and equivalently for 2 < q <∞ with 1/p+ 1/q = 1,
∀ x ∈ A, ‖Tx‖q ≤ ‖x‖2.
It is easy to see that the free product of unital trace preserving completely positive maps can
be extended to the Lp-spaces on using the interpolation between L1 and L∞. But in general it
is a delicate problem for the extension of algebraic free product of unital trace preserving maps
onto the associated Lp-spaces. Here we provide a method to construct unital trace preserving
Lp-improving operators on the free product of finite-dimensional C*-algebras. To see this we need
the following trivial claim.
Claim 1.8. Let M be a finite von Neumann algebra equipped with a faithful tracial state τ . If
the vectors e1, . . . , em ∈ M are orthonormal in L2(M, τ) and denote c = max1≤k≤m ‖ek‖2∞, then
for α1, . . . , αm ∈ C and 2 ≤ q ≤ ∞,
‖
m∑
k=1
αkek‖q ≤ (cm)
1
2
− 1
q ‖
m∑
k=1
αkek‖2.
Proof. Note that
‖
m∑
k=1
αkek‖∞ ≤ c
1/2
m∑
k=1
|αk| ≤ c
1/2m1/2
(
m∑
k=1
|αk|
2
)1/2
,
which gives the claim for q = ∞. The inequality for 2 ≤ q ≤ ∞ then follows from the Ho¨lder
inequality. 
Theorem 1.9. Let (Ai, τi), 1 ≤ i ≤ n be a finite family of finite dimensional C*-algebras and set
(A, τ) = ∗¯1≤i≤n(Ai, τi) to be the von Neumann algebraic free product. For each 1 ≤ i ≤ n, Ti is a
unital trace preserving map such that
‖Ti : Lp(Ai)→ L2(Ai)‖ = 1
for some 1 < p < 2. Then the (algebraic) free product map T = ∗1≤i≤nTi on ∗1≤i≤nAi extends to
a map such that
‖T : Lp′(A)→ L2(A)‖ = 1
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for some 1 < p′ < 2.
Proof. By the previous theorem and remark,
(1.6) λ = max
1≤i≤n
sup
x∈A˚i
‖Tix‖2
‖x‖2
= max
1≤i≤n
sup
x∈A˚i
‖T ∗i x‖2
‖x‖2
< 1.
Consider R = T ∗ and Ri = T
∗
i for all 1 ≤ i ≤ n, then R = R1 ∗ · · · ∗ Rn. By density, consider
x ∈ ∗1≤i≤n(Ai, τi) in the algebraic free product and we will show that
‖Rx‖q ≤ ‖x‖2
for some q > 2 independent of the choice of x. Now fix some r ≥ 1. For each i, choose a
family (e
(i)
k )
ni
k=1 of eigenvectors of |Ri| which forms an orthonormal basis of A˚i under τi, then
Er = {e
i
k = e
(i1)
k1
· · · e
(ir)
kr
: 1 ≤ kj ≤ nj , 1 ≤ j ≤ r, i1 6= · · · 6= ir} forms an orthonormal basis of
⊕i1 6=···6=ir A˚i1⊗· · ·⊗A˚ir which are also eigenvectors of |R|. Note that |Er| ≤ n
rmr form = maxj nj .
Write additionally c = maxk,i ‖e
(i)
k ‖
2
∞. Then for any yr ∈ ⊕i1 6=···6=ir A˚i1 ⊗· · ·⊗ A˚ir the above claim
yields
(1.7) ‖yr‖q ≤ (cnm)
r( 1
2
− 1
q
)‖yr‖2.
Write x = τ(x)1 +
∑
r≥1 xr where xr ∈ ⊕i1 6=···6=ir A˚i1 ⊗ · · · ⊗ A˚ir . Note that ‖Rxr‖2 ≤ λ
r‖xr‖2
according to (1.6) and the choice of Er. Together with Theorem 1.5 and (1.7),
‖Rx‖2q ≤ |τ(x)|
2 + (q − 1)‖
∑
r≥1
Rxr‖
2
q ≤ |τ(x)|
2 + (q − 1)

∑
r≥1
‖Rxr‖q

2
≤ |τ(x)|2 + (q − 1)

∑
r≥1
(cnm)r(
1
2
− 1
q
)‖Rxr‖2

2
≤ |τ(x)|2 + (q − 1)

∑
r≥1
(cnm)r(
1
2
− 1
q
)λr‖xr‖2

2 .
Observe that (q − 1)(cnm)
1
2
− 1
q tends to 1 whenever q → 2 and that λ < 1, so we may choose
2 < q <∞ such that λ(cnm)
1
2
− 1
q ≤ (q − 1)−1. For such a q we then have
‖Rx‖2q ≤ |τ(x)|
2 + (q − 1)

∑
r≥1
(q − 1)−r‖xr‖2

2
≤ |τ(x)|2 + (q − 1)
∑
k≥1
(q − 1)−2k
∑
r≥1
‖xr‖
2
2
< |τ(x)|2 +
∑
r≥1
‖xr‖
2
2 = ‖x‖
2
2.
Take 1 < p′ < 2 such that 1/p′ + 1/q = 1. Then we get ‖T : Lp′(A)→ L2(A)‖ = 1. 
2. Preliminaries on quantum groups with Fourier analysis
In this section we will do some preparations for discussing convolution operators in the quantum
group framework. We will start with some preliminaries on compact quantum groups and then
introduce the Fourier series in this setting.
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2.1. Compact quantum groups. In this short paragraph we recall some basic definitions and
properties of compact quantum groups. All proofs of the facts mentioned below without references
can be found in [Wor98] and [MVD98].
Definition 2.1. Consider a unital C*-algebra A and a unital ∗-homomorphism ∆ : A → A ⊗ A
called comultiplication on A such that (∆⊗ ι)∆ = (ι⊗∆)∆ and
{∆(a)(1 ⊗ b) : a, b ∈ A} and {∆(a)(b ⊗ 1) : a, b ∈ A}
are linearly dense in A⊗A. Then (A,∆) is called a compact quantum group. We denote G = (A,∆)
and A = C(G). We say that G is a finite quantum group if the space A = C(G) is finite
dimensional.
The following fact due to Woronowicz is fundamental in the quantum group theory.
Proposition 2.2. Let G be a compact quantum group. There exists a unique state h on C(G)
(called the Haar state of G) such that for all x ∈ C(G),
(h⊗ ι) ◦∆(x) = h(x)1 = (ι⊗ h) ◦∆(x).
Let G = (A,∆) be a compact quantum group and consider an element u ∈ A ⊗ B(H) with
dimH = n. We identify A ⊗ B(H) = Mn(A), and write u = [uij ]ni,j=1. Here, u is called an
n-dimensional representation of G if for all j, k = 1, ..., n, we have
(2.1) ∆(ujk) =
n∑
p=1
ujp ⊗ upk.
A representation u is said to be non-degenerate if u is invertible, unitary if u is unitary, and
irreducible if the only matrices T ∈Mn(C) with Tu = uT are multiples of the identity matrix. Two
representations u, v ∈Mn(A) are called equivalent if there exists an invertible matrix T ∈ Mn(C)
such that Tu = vT . Denote by Irr(G) the set of unitary equivalence classes of irreducible unitary
representations of G. For each α ∈ Irr(G), let uα ∈ C(G)⊗B(Hα) be a representative of the class
α where Hα is the finite dimensional Hilbert space on which u
α acts.
With the notation above, the ∗-subalgebra A spanned by {uαij : u
α = [uαij ]
nα
i,j=1, α ∈ Irr(G)},
usually called the algebra of the polynomials onG, is dense in C(G) , and the Haar state h is faithful
on this dense algebra. In the sequel we denote A = Pol(G). Consider the GNS representation
(πh, Hh) of C(G), then Pol(G) can be viewed as a subalgebra of B(Hh). Define Cr(G) (resp.,
L∞(G)) to be the C*-algebra (resp., the von Neumann algebra) generated by Pol(G) in B(Hh).
Then h extends to a normal faithful state on L∞(G).
It is known that there exists a linear antihomomorphism S on Pol(G) such that
(2.2) S(S(a)∗)∗ = a, a ∈ Pol(G),
determined by
S(uαij) = (u
α
ji)
∗, uα = [uαij ]
nα
i,j=1, α ∈ Irr(G).
S is called the antipode of G. For a, b ∈ Pol(G), we have
S((ι⊗ h)(∆(b)(1 ⊗ a))) = (ι ⊗ h)((1⊗ b)∆(a)),(2.3)
S((h⊗ ι)((b ⊗ 1)∆(a))) = (h⊗ ι)(∆(b)(a ⊗ 1)).
We will use the Sweedler notation for the comultiplication of an element a ∈ A, i.e. omit
the summation and the index in the formula ∆(a) =
∑
i a(1),i ⊗ a(2),i and write simply ∆(a) =∑
a(1) ⊗ a(2).
The Peter-Weyl theory for compact groups can be extended to the quantum case. In particular,
it is known that for each α ∈ Irr(G) there exists a positive invertible operator Qα ∈ B(Hα) such
that Tr(Qα) = Tr(Q
−1
α ) := dα and
(2.4) h(uαij(u
β
lm)
∗) = δαβδil
(Qα)mj
dα
, h((uαij)
∗uβlm) = δαβδjm
(Q−1α )li
dα
where β ∈ Irr(G), 1 ≤ i, j ≤ dimHα, 1 ≤ l,m ≤ dimHβ.
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The dual quantum group Gˆ of G is defined via its “algebra of functions”
ℓ∞(Gˆ) = ⊕α∈Irr(G)B(Hα)
where ⊕αB(Hα) refers to the direct sum of B(Hα), i.e. the bounded families (xα)α with each xα
in B(Hα). We will not completely recall the quantum group structure on Gˆ as we do not need it
in the following. We only remark that the (left) Haar weight hˆ on Gˆ can be explicitly given by
(see e.g. [VD96, Section 5])
hˆ : ℓ∞(Gˆ) ∋ x 7→
∑
α∈Irr(G)
dαTr(Qαpαx),
where pα is the projection onto Hα and Tr denotes the usual trace on B(Hα) for each α.
Our main result will only concentrate on the case where G is of Kac type, that is, its Haar state
is tracial.
Proposition 2.3 ([Wor98, Theorem 1.5]). Let G be a compact quantum group. The Haar state
h on C(G) is tracial if and only if Qα = IdHα for all α ∈ Irr(G) in the formula (2.4) and if and
only if the antipode S satisfies S2(x) = x for all x ∈ Pol(G). In particular, if the above conditions
are satisfied and h is faithful on C(G), then S extends to a ∗-antihomomorphism on C(G) which
is positive and bounded of norm one according to (2.2).
Proposition 2.4 ([VD97]). If G is a finite quantum group, then the Haar state is tracial on C(G).
For a compact quantum group G, we write L2(G) to be the Hilbert space associated to the
GNS-construction with respect to the Haar state h. Similarly, denote by ℓ2(Gˆ) the Hilbert space
given by the GNS-construction for ℓ∞(Gˆ) with respect to the Haar weight hˆ. If G is of Kac type,
for 1 ≤ p ≤ ∞, we denote additionally by Lp(G) the Lp-space associated to the pair (L∞(G), h),
as defined in the previous subsection.
Finally we turn to the dual free product of compact quantum groups. The following construction
is given by [Wan95].
Proposition 2.5. Let G1 = (A,∆A) and G2 = (B,∆B) be two compact quantum groups with
Haar states hA, hB respectively. There exists a unique comultiplication ∆ on A∗c0 B such that the
pair (A ∗c0 B,∆) forms a compact quantum group, denoted by G = G1∗ˆG2 and we have
∆|A = (iA ⊗ iA) ◦∆A, ∆|B = (iB ⊗ iB) ◦∆B,
where iA and iB are the natural embedding of A and B into A ∗c0 B respectively. Moreover the
Haar state on G is the free product state hA ∗ hB.
2.2. Fourier analysis. The Fourier transform for locally compact quantum groups has been
defined in [Kah10], [Coo10] and [Cas13]. In the setting of compact quantum groups, we may
give a more explicit description below. Let a compact quantum group G be fixed. For a linear
functional ϕ on Pol(G), we define the Fourier transform ϕˆ = (ϕˆ(α))α∈Irr(G) ∈ ⊕αB(Hα) by
(2.5) ϕˆ(α) = (ϕ⊗ ι)((uα)∗) ∈ B(Hα), α ∈ Irr(G).
In particular, any x ∈ L∞(G) (or L2(G)) induces a continuous functional on L∞(G) defined by
y 7→ h(yx), and the Fourier transform xˆ = (xˆ(α))α∈Irr(G) of x is given by
xˆ(α) = (h(·x)⊗ ι)((uα)∗) ∈ B(Hα), α ∈ Irr(G).
The above definition is slightly different from that of [Cas13] or [Kah10]. Indeed, we replace the
unitary uα by (uα)∗ in the above formulas. This is just to be compatible with standard definitions
in classical analysis on compact groups such as in [Fol95, Section 5.3], which will not cause essential
difference. On the other hand, the notation ϕˆ has some slight conflict with the dual Haar weight
hˆ on Gˆ whereas one can distinguish them by the elements on which it acts, so we hope that this
will not cause ambiguity for readers.
Denote by F : x 7→ xˆ the Fourier transform established above. It is easy to establish the Fourier
inversion formula and the Plancherel theorem for L2(G). As we did not find them explicitly for
compact quantum groups in the literature, we include the detailed calculation of the Fourier series
in the following proposition.
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Proposition 2.6. (a) For all x ∈ L2(G), we have
(2.6) x =
∑
α∈Irr(G)
dα(ι⊗ Tr)[(1 ⊗ xˆ(α)Qα)u
α],
where the convergence of the series is in the L2-sense. For any α ∈ Irr(G), if we denote by Eα the
orthogonal projection of L2(G) onto the subspace spanned by by the matrix coefficients (u
α
ij)
nα
i,j=1,
and write Eαx =
∑
i,j x
α
iju
α
ij with x
α
ij ∈ C, Xα = [x
α
ji]i,j, then
xˆ(α) = d−1α XαQ
−1
α .
(b) F is a unitary from L2(G) onto ℓ2(Gˆ).
Proof. (a) Denote by Eα the subspace spanned by the matrix units (u
α
ij)
nα
i,j=1 for α ∈ Irr(G). Then
Pol(G) is spanned by all the Eα, α ∈ Irr(G). It is easy to see from Ho¨lder’s inequality that Pol(G)
is ‖ · ‖2-dense in L∞(G), and also recall that L2(G) is the ‖ · ‖2-completion of L∞(G), so Pol(G) is
‖ · ‖2-dense in L2(G) and L2(G) is a Hilbert direct sum of the orthogonal subspaces (Eα)α∈Irr(G).
So each x ∈ L2(G) can be written as
(2.7) x =
∑
α∈Irr(G)
Eαx =
∑
α∈Irr(G)
∑
i,j
xαiju
α
ij , (x
α
ij ∈ C)
where Eαx :=
∑
i,j x
α
iju
α
ij is the orthogonal projection of x onto Eα.
Now for α ∈ Irr(G), write uα =
∑
l,m u
α
lm⊗e
α
lm andXα = [x
α
ji]i,j where e
α
lm denote the canonical
matrix units of B(Hα). Then
xˆ(α) = (h(·x)⊗ ι)((uα)∗) = (h(·Eαx) ⊗ ι)((u
α)∗) + (h(·E⊥α x)⊗ ι)((u
α)∗)(2.8)
=
∑
i,j,l,m
xαij
(
h(·uαij)⊗ ι
)
((uαlm)
∗ ⊗ eαml) + 0
=
∑
i,j,l,m
xαijh
(
(uαlm)
∗uαij
)
eαml
= d−1α
∑
i,j,l
xαij(Q
−1
α )ile
α
jl = d
−1
α XαQ
−1
α .
Hence
dα(ι⊗ Tr)[(1⊗ xˆ(α)Qα)u
α] =
∑
i,j,l,m
(ι⊗ Tr)[(1 ⊗ xαjie
α
ij)(u
α
lm ⊗ e
α
lm)]
=
∑
i,j,m
xαji(ι⊗ Tr)(u
α
jm ⊗ e
α
im) =
∑
i,j
xαjiu
α
ji = Eαx.
Combining the last equality with (2.7) proves the desired (2.6).
(b) Let
x =
∑
α∈Irr(G)
Eαx =
∑
α∈Irr(G)
∑
i,j
xαiju
α
ij ∈ L2(G).
For each α ∈ Irr(G),
‖Eαx‖
2
2 = h((Eαx)
∗(Eαx)) =
∑
i,j,l,m
xαijx
α
lmh
(
(uαij)
∗uαlm
)
= d−1α
∑
i,j,l
xαijx
α
lj(Q
−1
α )li
and also by (2.8)
d2αTr(Qαxˆ(α)
∗xˆ(α)) = Tr(X∗αXαQ
−1
α ) =
∑
i,j,l
xαijx
α
lj(Q
−1
α )li.
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Hence by Parseval’s identity,
‖x‖22 =
∑
α
‖Eαx‖
2
2 =
∑
α
d−1α
∑
i,j,l
xαijx
α
lj(Q
−1
α )li
=
∑
α
d−1α d
2
αTr(Qαxˆ(α)
∗xˆ(α)) = ‖xˆ‖22.
Thus F maps isometrically L2(G) into ℓ2(Gˆ). From (2.6) and the isometric relation we see that
the range of F contains the subset of all finitely supported families (aα) ∈ ⊕αB(Hα), which is
dense in ℓ2(Gˆ). Therefore F is surjective and hence unitary. 
Example 2.7. (1) Let G be a compact group and define
∆(f)(s, t) = f(st), f ∈ C(G), s, t ∈ G.
Then G = (C(G),∆) is a compact quantum group. The elements in Irr(G) := Irr(G) coincide with
the usual strongly continuous irreducible unitary representations of G. Any continuous functional
ϕ on C(G) corresponds to a complex Radon measure µ on G by the Riesz representation theorem.
By definition (2.5), the Fourier series of µ is given by
µˆ(π) = (ϕ⊗ ι)(π(·)∗) =
∫
G
π(g)∗ dµ(g), π ∈ Irr(G).
In particular for f ∈ L2(G), we have
fˆ(π) =
∫
G
π(g)∗f(g)dg, π ∈ Irr(G)
and we have the Fourier expansion and the Plancherel formula
f =
∑
π∈Irr(G)
dπTr(fˆ(π)π), ‖f‖
2
2 =
∑
π∈Irr(G)
dπ‖fˆ(π)‖
2
HS
where dπ is the dimension of the Hilbert space on which the representation π acts and ‖‖HS denotes
the usual Hilbert-Schmidt norm. We refer to [Fol95, Section 5.3] and [HR70, pp.77-87] for more
information.
(2) Let Γ be a discrete group with its neutral element e and C∗r (Γ) be the associated reduced
group C*-algebra generated by λ(Γ) ⊂ B(ℓ2(Γ)), where λ denotes the left regular representation.
The “dual” G = Γˆ of Γ is a compact quantum group such that C(G) is the group C*-algebra
C∗r (Γ) equipped with the comultiplication ∆ : C
∗
r (Γ)→ C
∗
r (Γ)⊗ C
∗
r (Γ) defined by
∆(λ(γ)) = λ(γ)⊗ λ(γ), γ ∈ Γ.
The Haar state of G is the unique trace τ on C∗r (Γ) such that τ(1) = 1 and τ(λ(γ)) = 0 for
γ ∈ Γ \ {e}. The elements of λ(Γ) give all irreducible unitary representations of G, which are all
of dimension 1. It is easy to check from definition that for any f ∈ C∗r (Γ),
fˆ(γ) = τ(fλ(γ)∗), γ ∈ Γ.
And any f ∈ L2(G) has an expansion such that
f =
∑
γ∈Γ
fˆ(γ)λ(γ), ‖f‖22 =
∑
γ∈Γ
|fˆ(γ)|2.
Let us end the section with a brief description of multipliers and convolutions in terms of Fourier
series. Return back to a general compact quantum group G. For a = (aα)α ∈ ⊕αB(Hα), we define
the left multiplier ma : Pol(G)→ Pol(G) associated to a by
(2.9) max =
∑
α∈Irr(G)
dα(ι⊗ Tr)[(1 ⊗ xˆ(α)aαQα)u
α], x ∈ Pol(G),
which means that
(2.10) (max)ˆ (α) = xˆ(α)aα, α ∈ Irr(G).
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In the same way we may define the right multiplier m′a : Pol(G)→ Pol(G) such that
m′ax =
∑
α∈Irr(G)
dα(ι⊗ Tr)[(1 ⊗ aαxˆ(α)Qα)u
α], x ∈ Pol(G).
Observe that the multiplier ma (or m
′
a resp.) is unital, i.e. ma(1) = 1 (m
′
a(1) = 1 resp.) if and
only if a1 = 1.
Remark 2.8. In case G is of Kac type, that is, Qα = IdHα for all α ∈ Irr(G) by Proposition 2.3,
the multipliers ma and m
′
a can be equivalently defined by
(2.11) (ma ⊗ ι)(u
α) = (1 ⊗ aα)(u
α), (m′a ⊗ ι)(u
α) = (uα)(1 ⊗ aα), α ∈ Irr(G),
which corresponds to the standard definition of left and right multipliers on locally compact
quantum groups in [JNR09] and [Daw12]. If G is not of Kac type, the above formula (2.11) gives
a similar equality corresponding to (2.10), that is, (max)ˆ (α) = xˆ(α)QαaαQ
−1
α , α ∈ Irr(G).
We will use the standard definition of convolution products given by Woronowicz. Let x ∈ C(G)
and ϕ, ϕ′ be linear functionals on C(G). We define
ϕ ⋆ ϕ′ = (ϕ⊗ ϕ′) ◦∆,
x ⋆ ϕ = (ϕ⊗ ι)∆(x),
ϕ ⋆ x = (ι⊗ ϕ)∆(x).
Observing the embedding x 7→ h(·x) from C(G) into C(G)∗, the convolution products defined
above are related as follows according to (2.3) (see also [VD07, Proposition 2.2]): on Pol(G) we
have
(2.12) h(·x) ⋆ ϕ = h(· [(ϕ ◦ S) ⋆ x]), ϕ ⋆ h(·x) = h(· [x ⋆ (ϕ ◦ S−1)]).
We note that for α ∈ Irr(G) and uα = [uαij ]1≤i,j≤nα ,[
ϕ((uαji)
∗)
]
i,j
= (ϕ⊗ ι)((uα)∗) = ϕˆ(α).
Then by (2.1), a straightforward calculation shows that
(2.13) (ϕ ⋆ ϕ′ )ˆ (α) = ϕˆ′(α)ϕˆ(α).
Hence together with (2.12),
(2.14) (x ⋆ ϕ)ˆ (α) = xˆ(α)(ϕ ◦ S )ˆ (α), (ϕ ⋆ x)ˆ (α) = (ϕ ◦ S−1)ˆ (α)xˆ(α).
3. Non-degenerate states and applications to Hopf images
In this short section we give the key lemma on non-degenerate states, which will be of use for
our main results. We need the following observation adapted from [Wor98, Lemma 2.1]. The
result is mentioned in [So l05].
Lemma 3.1. Let G be a compact quantum group and A = C(G). Suppose that (ρi)i∈I is a family
of states on A separating the points of A+, i.e., ∀x ∈ A+\{0}, ∃i ∈ I, ρi(x) > 0. If ρ is a state
on A such that
∀i ∈ I, ρ ⋆ ρi = ρi ⋆ ρ = ρ,
then ρ is the Haar state h of G.
Proof. Set
I = {q ∈ A⊗A : ∀i ∈ I, (ρi ⊗ ρ)(q
∗q) = 0}.
Then I is a closed left ideal of A⊗A. Define
ΨL(x) = (ρ⊗ ι)∆(x) − ρ(x)1, x ∈ A.
Since ΨL is a difference of two unital completely positive maps, we see that ΨL is a completely
bounded map with norm at most 2. We will prove that
(ΨL ⊗ ι)∆(A) ⊂ I.
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In fact, given x ∈ A, by the coassociativity of ∆ we have
q := (ΨL ⊗ ι)∆(x) = (ρ⊗ ι⊗ ι)(ι ⊗∆)∆(x) − 1⊗ [(ρ⊗ ι)∆(x)]
= ∆((ρ⊗ ι)∆(x)) − 1⊗ [(ρ⊗ ι)∆(x)].
Thus
q∗q = ∆([(ρ⊗ ι)∆(x)]∗(ρ⊗ ι)∆(x)) −∆((ρ ⊗ ι)∆(x))∗[1⊗ (ρ⊗ ι)∆(x)]
− [1⊗ ((ρ⊗ ι)∆(x))∗]∆((ρ⊗ ι)∆(x)) + 1⊗ ([(ρ⊗ ι)∆(x)]∗[(ρ⊗ ι)∆(x)])
and hence for any i ∈ I we may write
(ρi ⊗ ρ)(q
∗q) = q1 − q2 − q3 + q4
where by the convolution invariance assumption and the coassociativity of ∆ we have
q1 = (ρi ⊗ ρ)∆ ([(ρ⊗ ι)∆(x)]
∗(ρ⊗ ι)∆(x)) = ρ ([(ρ⊗ ι)∆(x)]∗(ρ⊗ ι)∆(x)) ,
q2 = q
∗
3 ,
q3 = (ρi ⊗ ρ)
(
[1⊗ ((ρ⊗ ι)∆(x))∗]∆((ρ⊗ ι)∆(x))
)
= ρ
(
[((ρ⊗ ι)∆(x))∗](ρi ⊗ ι)((ρ ⊗ ι⊗ ι)(ι ⊗∆)∆(x))
)
= ρ
(
[((ρ⊗ ι)∆(x))∗](ρ⊗ ρi ⊗ ι)((∆ ⊗ ι)∆(x))
)
= ρ ([(ρ⊗ ι)∆(x)]∗(ρ⊗ ι)∆(x)) ,
q4 = (ρi ⊗ ρ)
(
1⊗ [((ρ⊗ ι)∆(x))∗ (ρ⊗ ι)∆(x)]
)
= ρ ([(ρ⊗ ι)∆(x)]∗(ρ⊗ ι)∆(x)) .
Note that q1 = q2 = q3 = q4. So (ρi ⊗ ρ)(q∗q) = 0 and (ΨL ⊗ ι)∆(A) ⊂ I is proved.
Now by the density of (1 ⊗A)∆(A) in A ⊗ A and the complete boundedness of ΨL, it follows
that ΨL(A) ⊗ 1 ⊂ (1⊗A)(ΨL ⊗ ι)∆(A) is also contained in the closed left ideal I, which means
that for any i ∈ I and x ∈ A,
ρi(ΨL(x)
∗ΨL(x)) = ρi ⊗ ρ(ΨL(x)
∗ΨL(x)⊗ 1) = 0.
Recall that (ρi)i∈I separates the points of A+, so we have ΨL(x) = 0 and (ρ⊗ ι)∆(x) = ρ(x)1 for
all x ∈ A.
A similar argument applies as well to the map ΨR(x) = (ι⊗ ρ)∆(x) − ρ(x)1, x ∈ A. So ρ = h
is the Haar state. 
Remark 3.2. We remark that in case G is a finite quantum group, we can provide a simpler proof
of the above lemma. Indeed, since C(G) is finite-dimensional, its dual space C(G)∗ is also finite-
dimensional, and we can take a maximal linear independent family {ρi1 , . . . , ρis} ⊂ (ρi)i∈I which
form a basis of the subspace spanned by (ρi)i∈I in C(G)
∗. Given a nonzero x ∈ A+, there is an
i ∈ I such that ρi(x) > 0. Write ρi =
∑s
k=1 akρik (ak ∈ C), then we see clearly that there exists
at least one k ∈ {1, . . . , s} such that ρik(x) 6= 0 in order that ρi(x) > 0. Then ρ
′ = 1s
∑s
k=1 ρik is
faithful on C(G) and ρ ⋆ ρ′ = ρ′ ⋆ ρ = ρ, thus ρ is the Haar state by [Wor98, Lemma 2.1].
We immediately obtain the following fact.
Lemma 3.3. Let G be a compact quantum group and ϕ be a state on C(G). If ϕ is non-degenerate
on C(G) in the sense that for all nonzero x ∈ C(G)+ there exists k ≥ 0 such that ϕ
⋆k(x) > 0,
then
w∗- lim
n→∞
1
n
n∑
k=1
ϕ⋆k = h.
If additionally h is faithful on C(G), then the converse also holds.
Proof. If the above limit holds and h is faithful on C(G), then clearly ϕ is non-degenerate
since if there existed a nonzero x ≥ 0 such that ϕ⋆n(x) = 0 for all n, then we would have
limn
1
n
∑n
k=1 ϕ
⋆k(x) = 0, which contradicts the faithfulness of h. On the other hand, if ϕ is non-
degenerate, the family of states { 1n
∑n
k=1 ϕ
⋆k : n ≥ 1} separates the points of C(G)+, so any
accumulation point of this family becomes the unique Haar state by our previous lemma. 
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We would like to digress momentarily to see an application of above lemmas to some prob-
lems concerning Hopf images. Let A be a unital C*-algebra and π : C(G) → A be a unital
∗-homomorphism. The Hopf image of π, firstly introduced by Banica and Bichon in [BB10], is
the largest algebra C(Gπ) for some compact quantum subgroup Gπ ⊂ G such that π factorizes
through C(Gπ). In this paper we will use the following equivalent characterization recently given
in [SS15]: for each k consider
πk = (π ⊗ · · · ⊗ π︸ ︷︷ ︸
k
) ◦∆(k−1) : C(G)→ A⊗k
and let I = ∩∞k=1 kerπk. Then, there is a compact quantum group Gπ = (B,∆π) with a ∗-
homomorphism πq : B → A such that
(3.1) B = C(G)/I, ∆π ◦ q = (q ⊗ q) ◦∆, π = πq ◦ q
where q : C(G)→ C(G)/I denotes the quotient map. The algebra B = C(Gπ) is exactly the Hopf
image of π. Now let hG, hGpi be the Haar states on G,Gπ respectively. A related question raised
in [BFS12] is the computation of the associated idempotent state hGpi ◦ q on G. Simply based on
Lemma 3.3, the following property generalizes the main result of [BFS12].
Theorem 3.4. Let G be a compact quantum group and A be a unital C*-algebra with a unital
∗-homomorphism π : C(G)→ A. Let Gπ be the compact quantum group constructed above. Then
given any faithful state ϕ on A,
hGpi ◦ q = w
∗- lim
n→∞
1
n
n∑
k=1
(ϕ ◦ π)⋆k.
Proof. Let ϕ be a faithful state on A and let I = ∩∞k=1 kerπk with πk, k ≥ 1 constructed as above.
Let us show that ϕ ◦ πq is non-degenerate on B = C(Gπ). Consider any x = q(y) with y ∈ C(G)+
satisfying
∀k ≥ 1, (ϕ ◦ πq)
⋆k(x) = 0.
Since, by (3.1),
(ϕ ◦ πq)
⋆k = [(ϕ⊗ · · · ⊗ ϕ) ◦ (πq ⊗ ◦ ⊗ πq)]∆
(k−1)(x)
= [(ϕ⊗ · · · ⊗ ϕ) ◦ ((πq ◦ q)⊗ · · · ⊗ (πq ◦ q))]∆
(k−1)(y) = (ϕ⊗ · · · ⊗ ϕ)(πk(y))
and since ϕ is faithful, we get y ∈ ∩∞k=1 kerπk, which means that x = q(y) = 0. As a result ϕ ◦ πq
is non-degenerate. Therefore we have hGpi = w
∗- limn→∞
1
n
∑n
k=1(ϕ ◦ πq)
⋆k, and hence using (3.1)
again,
hGpi ◦ q = w
∗- lim
n→∞
1
n
n∑
k=1
(ϕ ◦ πq)
⋆k ◦ q = w∗- lim
n→∞
1
n
n∑
k=1
(ϕ ◦ π)⋆k,
as desired. 
4. Main results
In this section we aim to give several characterizations of Lp-improving convolutions given by
states on finite quantum groups, and also give the constructions for the free product of finite
quantum groups. We will start with some discussions on multipliers on compact quantum groups.
In this section we keep the notation of multipliersma, m
′
a and convolutions ϕ1⋆ϕ2 given in Section
2.
Lemma 4.1. Let G be a compact quantum group of Kac type. Suppose a ∈ ℓ∞(Gˆ) such that
ma (resp. m
′
a) extends to a unital left (resp., right) multiplier on L2(G) and b = aa
∗. Then
limn
1
n
∑n
k=1m
k
bx = h(x)1 for all x ∈ L2(G) if and only if limn
1
n
∑n
k=1m
′k
b x = h(x)1 for all
x ∈ L2(G) if and only if ‖aα‖ < 1 for all α ∈ Irr(G) \ {1}.
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Proof. Without loss of generality we only discuss the left multiplier ma. Assume that ‖aα‖ < 1
for all α ∈ Irr(G) \ {1}. By the Plancherel theorem 2.6 and the formula (2.9) we note that mb
extends to a bounded map of norm one on L2(G). We first consider the case x ∈ Pol(G), so that
xˆ is finitely supported. Let α ∈ Irr(G) \ {1} and ‖aα‖ < 1. Then
‖(
1
n
n∑
k=1
mkbx)ˆ (α)‖2 = ‖
1
n
n∑
k=1
xˆ(α)(aαa
∗
α)
k‖2 ≤
1
n
n∑
k=1
‖aα‖
2k‖xˆ(α)‖2 → 0
whenever n→∞. And for α = 1,
(
1
n
n∑
k=1
mkbx)ˆ (1) = xˆ(1) = h(x).
Thus by the Plancherel theorem
‖
1
n
n∑
k=1
mkbx− h(x)1‖
2
2 =
∑
α6=1
dα‖(
1
n
n∑
k=1
mkbx)ˆ (α)‖
2
2 → 0
when n→ ∞. Since 1n
∑n
k=1m
k
b is a contraction on L2(G) and Pol(G) is dense in L2(G), we get
the convergence limn
1
n
∑n
k=1m
k
bx = h(x)1 for all x ∈ L2(G).
Conversely, if ∃α0 ∈ Irr(G)\{1}, ‖aα0‖ = 1, then viewing bα0 as a matrix in Mnα0 , we observe
that 1 ∈ σ(bα0) and there exists a nonzero xα0 ∈ Mnα0 such that xα0bα0 = xα0 . Take x ∈ L2(G)
such that xˆ(1) = 1, xˆ(α0) = xα0 , xˆ(α) = 0 for α ∈ Irr(G)\{1, α0}. Then mbx = x and hence
1
n
∑n
k=1m
k
bx = x does not converge to h(x)1. 
Remark 4.2. In case the compact quantum group G is not of Kac type, the above argument still
remains true for right multipliers.
The following first main result is now in reach. We will consider the case where G is a finite
quantum group.
Theorem 4.3. Let G be a finite quantum group. Suppose a ∈ ℓ∞(Gˆ) is such that ma (resp., m′a)
is a unital left (resp., right) multiplier on C(G). Then the following assertions are equivalent:
(1) there exists 1 ≤ p < 2 such that,
∀ x ∈ C(G), ‖max‖2 ≤ ‖x‖p ;
(2) there exists 1 ≤ p < 2 such that,
∀ x ∈ C(G), ‖m′ax‖2 ≤ ‖x‖p ;
(3) ‖aα‖ < 1 for all α ∈ Irr(G) \ {1} ;
(4) limn
1
n
∑n
k=1m
k
bx = h(x)1 for all x ∈ C(G) when b = aa
∗;
(5) limn
1
n
∑n
k=1m
′k
b x = h(x)1 for all x ∈ C(G) when b = aa
∗.
Proof. Without loss of generality we only discuss the left multiplier ma and prove the equivalence
(1)⇔(3)⇔(4).
It is easy to see from Plancherel’s theorem that (3) is just (1.3) for T = ma. In fact note that
for x ∈ C(G), h(x) = 0 if and only if xˆ(1) = 0, so (3) implies (1.3) via Plancherel’s theorem. On
the other hand, suppose by contradiction that there exists α ∈ Irr(G) \ {1} such that ‖aα‖ = 1.
By Proposition 2.6 we may take a nonzero x ∈ C(G) such that xˆ(1) = 0, xˆ(α) = 0 when ‖aα‖ < 1,
and ‖xˆ(α)aα‖2 = ‖xˆ(α)‖2 when ‖aα‖ = 1. Then ‖max‖2 = ‖x‖2 with h(x) = 0. As a consequence
the equivalence (1)⇔(3) follows from Theorem 1.6.
The equivalence between (3) and (4) was proved in the previous lemma. Therefore the theorem
is established. 
Now we turn to the corresponding convolution problems. Let ϕ ∈ C(G)∗ for a compact quantum
group G. Recall the formula (2.13), and then we have
(4.1)
[
ϕ⋆n((uαji)
∗)
]
= (ϕ⋆n )ˆ (α) = ϕˆ(α)n.
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Note that the convergence 1n
∑n
k=1m
k
ϕˆ∗(x)→ h(x)1 for all x ∈ Pol(G), by (2.10) can be reformu-
lated in terms of Fourier coefficients as(
1
n
n∑
k=1
mkϕˆ∗(x)
)
(ˆ1) = h(x)ϕˆ(1)∗ = h(x)1,
lim
n
(
1
n
n∑
k=1
mkϕˆ∗(x)
)
(ˆα) = lim
n
1
n
n∑
k=1
(ϕˆ(α)∗)kxˆ(α) = 0, α ∈ Irr(G)\{1}.
This is to say,
ϕˆ(1) = 1, lim
n
1
n
n∑
k=1
ϕˆ(α)k = 0, α ∈ Irr(G)\{1},
which, according to (4.1), is equivalent to 1n
∑n
k=1 ϕ
⋆k(uαij) → h(u
α
ij) for all α ∈ Irr(G) and
1 ≤ i, j ≤ nα, or in other words,
1
n
n∑
k=1
ϕ⋆k(x)→ h(x), n→∞, x ∈ Pol(G).
Any state ϕ on C(G) induces two convolution operators on C(G)
Tϕ : C(G) ∋ x 7→ x ⋆ ϕ = (ϕ⊗ ι)∆(x), T
′
ϕ : C(G) ∋ x 7→ ϕ ⋆ x = (ι⊗ ϕ)∆(x).
If additionally G is of Kac type and the Haar state is faithful on C(G), then by Proposition 2.3 the
antipode S extends to a positive linear operator on C(G) and S = S−1, and hence ϕ◦S = ϕ◦S−1
is also a state. In this case we have[
ϕ(uαji)
]
i,j
= ϕˆ(α), (ϕ ◦ S )ˆ (α) =
[
ϕ(uαij)
]
i,j
= ϕˆ(α)∗
and by (2.14) we have (x ⋆ ϕ)ˆ (α) = xˆ(α)ϕˆ(α)∗ and (ϕ ⋆ x)ˆ (α) = ϕˆ(α)∗xˆ(α) for α ∈ Irr(G),
x ∈ C(G). So Tϕ = mϕˆ∗ and T
′
ϕ = m
′
ϕˆ∗ are unital completely positive left and right multipliers,
respectively.
Now with these remarks and Lemma 3.3 in hand, we may reformulate Theorem 4.3 in terms of
convolution operators using the above arguments.
Theorem 4.4. Let G be a finite quantum group and ϕ be a state on C(G). Denote ψ = (ϕ◦S)⋆ϕ.
The following assertions are equivalent:
(1) there exists 1 ≤ p < 2 such that,
∀ x ∈ C(G), ‖ϕ ⋆ x‖2 ≤ ‖x‖p ;
(2) there exists 1 ≤ p < 2 such that,
∀ x ∈ C(G), ‖x ⋆ ϕ‖2 ≤ ‖x‖p ;
(3) ‖ϕˆ(α)‖ < 1 for all α ∈ Irr(G) \ {1} ;
(4) limn
1
n
∑n
k=1 ψ
⋆k = h;
(5) For any nonzero x ∈ C(G)+, there exists n ≥ 1 such that ψ⋆n(x) > 0.
Note that if C(G) is commutative, i.e. C(G) = C(G) where G is a finite group, then ϕ ∈ C(G)∗
corresponds to a Radon measure µ via the Riesz representation theorem. The above condition
(5) in the theorem just asserts that G is the union of Dn := supp (ν
⋆n), n ≥ 1, where ν denotes
the Radon measure corresponding to ψ. It is easy to see that D1 =
{
i−1j : i, j ∈ supp (µ)
}
and
Dn = D
n
1 . So the above corollary covers Ritter’s result [Rit84].
Corollary 4.5. Let G be a finite group and µ be a probability measure on G. Then there is a
1 ≤ p < 2 such that
‖x ⋆ µ‖2 ≤ ‖x‖p, x ∈ Lp(G)
if and only if G is equal to the subgroup generated by
{
i−1j : i, j ∈ supp (µ)
}
.
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On the other hand, let Γ be a finite group with neutral element e and C∗(Γ) be the associated
group C*-algebra generated by λ(Γ) ⊂ B(ℓ2(Γ)), where λ denotes the left regular representation.
Recall that if G = Γˆ, then C(G) is the group C*-algebra C∗(Γ) equipped with the comultiplication
∆ : C∗(Γ)→ C∗(Γ)⊗ C∗(Γ) defined by
∆(λ(γ)) = λ(γ)⊗ λ(γ), γ ∈ Γ.
Note that any state Φ on C(G) corresponds to a positive definite function ϕ on Γ with ϕ(e) = 1
via the relation Φ(λ(γ)) = ϕ(γ) for all γ ∈ Γ. Therefore we have
Φ ⋆ λ(γ) = λ(γ) ⋆ Φ = (Φ⊗ ι)∆(λ(γ)) = (Φ⊗ ι)(λ(γ) ⊗ λ(γ)) = ϕ(γ)λ(γ),
so the convolution operators associated to Φ are just the Fourier-Schur multiplier on Γ associated
to ϕ. Our preceding argument in particular yields the following result extending [Rit84, Theorem
2(a)].
Corollary 4.6. Let Γ be a finite group and ϕ be a positive definite function on Γ with ϕ(e) = 1.
Let Mϕ be the associated Fourier-Schur multiplier operator determined by Mϕ(λ(γ)) = ϕ(γ)λ(γ)
for all γ ∈ Γ. Then there exists 1 ≤ p < 2 such that
‖Mϕx‖2 ≤ ‖x‖p, x ∈ C
∗(Γ)
if and only if |ϕ(γ)| < 1 for any γ ∈ Γ \ {e}.
Remark 4.7. We remark that the finite-dimensional condition cannot be removed in any of our
results, including Theorem 1.1, Theorem 4.3, Corollary 4.4-4.6. Here we give a counterexample
illustrating this. Let T be the unit circle in the complex plane, then T gives an infinite compact
quantum group. Define an operator T : C(T)→ C(T) by
T (f) = (1− λ)τ(f) + λf, f ∈ C(T),
where 0 < λ < 1 and τ denote the usual integral against the normalized Lebesgue measure on
T. Then T is obviously unital completely positive since so are τ and the identity map. It is a
left multiplier satisfying T (f )ˆ (0) = fˆ(0) and T (f )ˆ (n) = λfˆ(n) for n 6= 0. Also we may view
T as a convolution operator associated to the state f 7→ (1 − λ)τ(f) + λf(1) on C(T), which is
faithful since τ is faithful. Note that T admits the spectral gap inequality (1.3) as well, and in
fact, ‖Tf‖2 = λ‖f‖2 < ‖f‖2 for any f ∈ C(T) with τ(f) = 0. However, there doesn’t exist any
p < 2 such that ‖Tf‖2 ≤ ‖f‖p for all f ∈ C(T). Indeed if such a p existed, then for any f ∈ C(T),
we would have
‖f‖22 ≥ ‖f‖
2
p ≥ ‖Tf‖
2
2 = τ(f)
2 + λ2‖f − τ(f)‖22
≥ λ2(τ(f)2 + ‖f − τ(f)‖22) = λ
2‖f‖22,
which yields an impossible equivalence between the norms ‖ · ‖2 and ‖ · ‖p.
In spite of the above general remark, Theorem 1.9 still gives constructions of Lp-improving
positive convolution operators on infinite compact quantum groups. Let G1, . . . ,Gn be finite
quantum groups with Haar states h1, . . . , hn respectively and let each ϕi be a state on C(Gi),
i ∈ {1, . . . , n}. Denote G = G1∗ˆ · · · ∗ˆGn with the Haar state h and consider the convolution
operators Ti : x 7→ x ⋆ ϕi, x ∈ C(Gi). Note that the free product map T = ∗1≤i≤nTi on C(G) is
just the convolution operator given by the c-free product state ϕ = ∗(h1,...,hn)ϕi, i.e.,
(4.2) T (x) = (ϕ⊗ ι)∆(x), x ∈ C(G).
In fact, we note that if h(a) = 0, then h(a(1)) = h(a(2)) = 0 by (2.1), where ∆(a) :=
∑
a(1) ⊗ a(2)
denotes the Sweedler notation. Now for a reduced word x = x1 · · ·xm with xk ∈ C(Gik) such that
h(xk) = 0, i1 6= · · · 6= in, ik ∈ {1, . . . , n} for each k = 1, . . . ,m,, we have
T (x) = Ti1(x
1) · · ·Tim(x
m) =
∑
ϕi1(x
1
(1))x
1
(2) · · ·
∑
ϕim(x
m
(1))x
m
(2)
=
∑
ϕ(x(1))x(2) = (ϕ⊗ ι)∆(x)
Lp-IMPROVING CONVOLUTION OPERATORS ON FINITE QUANTUM GROUPS 19
where we have used the fact that the comultiplication ∆ is an homomorphism. Then the equality
(4.2) follows from a standard density argument. Now taking in Theorem 1.9 each Ti to be a
convolution operator on a finite quantum group, we get the following corollary:
Corollary 4.8. Let G1, . . . ,Gn be finite quantum groups and let each ϕi be a state on C(Gi),
i ∈ {1, . . . , n}. Denote G = G1∗ˆ · · · ∗ˆGn and ϕ = ∗(h1,...,hn)ϕi. If each ϕi satisfies any one
of the conditions (1)-(5) in Corollary 4.4, then the free product convolution operator given by
T : x 7→ x ⋆ ϕ, x ∈ C(G) is a unital left multiplier on G satisfies
‖T : Lp(G)→ L2(G)‖ = 1
for a certain 1 < p < 2.
Example 4.9. Now we give a simple method to create nontrivial Lp-improving positive convo-
lutions (i.e. the associated state is different from the Haar state) on finite and infinite compact
quantum groups. Let G be a finite quantum group and h the Haar state on it. Given any state ϕ
on C(G) and any 0 < λ < 1, we can define a state ρ on C(G) by
ρ = λϕ+ (1− λ)h.
This is a faithful state which is in particular non-degenerate, and hence by Theorem 4.4 the
convolution operator Tρ : x 7→ x ⋆ ρ, x ∈ C(G) satisfies
‖Tρ : Lp(G)→ L2(G)‖ = 1
for a certain 1 < p < 2 according to Theorem 4.4. Moreover by Corollary 4.8, the convolution
operator Tρ′ : x 7→ x ⋆ ρ′, x ∈ C(G∗ˆG) given by the c-free product state ρ′ = ρ ∗(h,h) ρ satisfies
‖Tρ′ : Lp′(G∗ˆG)→ L2(G∗ˆG)‖ = 1
for some 1 < p′ < 2.
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